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Abstract
W. C. Lang determined wavelets on Cantor dyadic group by using Multiresolu-
tion analysis method. In this paper we have given characterization of wavelet sets
on Cantor dyadic group providing another method for the construction of wavelets.
All the wavelets originating from wavelet sets are not necessarily associated with a
multiresolution analysis. Relation between multiresolution analysis and, wavelets
determined from wavelet sets is established along with relevant examples.
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1 Introduction
The theory of wavelets is made up of several areas of pure and applied mathematics.
Initially most of the wavelet theory was devoted to the construction of wavelet bases
suitable for applications like compression, denoising etc. However during the last two
decades several generalizations and extensions of wavelets have been introduced. It
is known that on each locally compact abelian group there exists a Haar measure, not
identically zero and unique upto a multiplicative constant. The existence of Haar mea-
sure laid the foundation of a more general fourier and hence wavelet theory on locally
compact abelian groups.
Walsh functions were introduced by J. Walsh in 1923 as linear combination of Haar
functions. Paley showed that theWalsh system is completion of the Rademacher system.
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N. J. Fine and N. Ya Vilenkin independently determined that Walsh system is the group
of characters of the Cantor dyadic group. Vilenkin introduced a large class of locally
compact abelian groups, called Vilenkin groups, which includes Cantor dyadic group as
a particular case.
Lang [7] determined compactly supported orthogonal wavelets on the locally compact
Cantor dyadic group. For the construction of wavelets he used multiresolution analysis
(MRA) and determined relations for scaling and wavelet filters similar to the case of
L2(R). These wavelets were identified with Walsh series on the real line and included
the Haar basis. By invoking the Caldero´n-Zygmund integral operator theory Lang [8]
proved that if a wavelet on cantor dyadic group satisfies Lipschitz type regularity con-
dition then the wavelet series converges unconditionally in Lq (for q > 1).
Thus far wavelets constructed in the Cantor dyadic group are originated from MRA,
and no work is available related to wavelet sets on Cantor dyadic group. In real case
wavelet sets were proved to be an important tool for the construction of MRA as well
as non-MRA wavelets. A large number of results related to geometric and topologi-
cal properties of wavelet sets and associated wavelets are available in one and higher
dimensional real space. This paper is devoted to the study of wavelet sets in Cantor
dyadic group and their association with MRA. Section 2 contains basic definitions and
results related to wavelets on cantor dyadic group. The notation and terminology used
for cantor dyadic group are similar to that given by Lang in [7, 8]. Characterization of
wavelet sets on Cantor dyadic group along with their examples are given in section 3
and, at last section 4 includes characterization of wavelet sets associated with MRA and
examples of MRA and non-MRA wavelet sets.
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2 Preliminaries
Let G be the set of sequences
x = (xj) = (xnxn−1...x0.x−1x−2...),
where xj ∈ {0, 1}, j ∈ Z and for some n ∈ Z, xj = 0 for every j > n. The group
operation on G is coordinatewise addition modulo 2 given by,
(zj) = (xj) + (yj)⇐⇒ zj = xj + yj(mod 2), j ∈ Z.
Automorphism ρ : G → G, defined by (ρ(x))j = xj−1 is called dilation. Its inverse σ
is given as (σ(x))j = xj+1.
Let U = {Dm : m ∈ Z}, where D = {(xj)j∈Z : xj = 0 for j ≥ 0} and Dm = ρm(D).
Then U forms a local base at the identity element 0 = (000 · · · .000 · · · ) and BU =
{Dm + x : x ∈ G,Dm ∈ U} is the base for the topology τ on G. With respect to
the topology τ and the group operation given above G forms a topological group. The
subgroup D is compact in G and Λ = {(xj)j∈Z : xj = 0 for j < 0} is a countable and
closed subgroup of G. Let Λ0 = Λ, Λj = ρ
j(Λ), for j > 0, and Λj = σ
j(Λ), for j < 0.
The Lebesgue spaces Lp(G), 1 ≤ p < ∞, are defined by using the Haar measure µ on
Borel subsets of G normalized by µ(D) = 1.
The dual group G∗ of G can be identified as
G∗ = {ω = (ωj)j∈Z : ωj ∈ {0, 1}, and ωj = 0, ∀j > n, for some n ∈ Z}.
Dual group G∗ has the group operation and topology as that of G. The character ω =
(ωj)j∈Z ∈ G∗ is defined as,
ω(x) = Πj∈Z(−1)ω−1−jxj ,
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for x = (xj)j∈Z in G. Dilation ρ and its inverse σ on G
∗ have similar definition as on
G. The Haar measure on G∗ is denoted by µ∗. Let ω(x) = Wx(ω) = Wω(x), for x ∈ G
and ω ∈ G∗.
The Fourier transform fˆ of f , where f ∈ L1(G) ∩ L2(G) is defined by
fˆ(ω) =
∫
G
f(x)Wx(ω) dx =
∫
G
f(x)ω(x) dx,
and the inverse Fourier transform is given by
fˇ(x) =
∫
G∗
f(ω)Wω(x)dω.
A function ψ ∈ L2(G) is said to be an orthonormal wavelet for L2(G) if {ψj,n : j ∈
Z, n ∈ Λ} forms an orthonormal basis for L2(G), where
ψj,n(x) = 2
j/2ψ(ρjx− n).
One of the methods of constructing orthonormal wavelets is based on the existence of
a family of closed subspaces of L2(G) satisfying certain properties. Such a family is
called a multiresolution analysis (MRA).
A multiresolution analysis for L2(G) consists of a sequence {Vj : j ∈ Z} of closed sub-
spaces of L2(G) satisfying
1. Vj ⊂ Vj+1, ∀j ∈ Z
2.
⋃
Vj is dense in L
2(G) and
⋂
Vj = {0}
3. f ∈ Vj if and only if ρf = foρ ∈ Vj+1, ∀j ∈ Z
4. there exists φ ∈ L2(G) such that {φ(.− n) : n ∈ Λ} forms an orthonormal basis
for V0.
Note that f ∈ V0 if and only if ρjf ∈ Vj , and {φj,n : n ∈ Λ} forms an orthonormal
basis for Vj , for each j ∈ Z.
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Since φ ∈ V0 ⊆ V1 and {
√
2φ(ρ(x) − n) : n ∈ Λ} is an orthonormal basis for V1, we
can write φ(x) =
∑
n∈Λ
√
2cnφ(ρ(x) + n), where
cn = 〈φ(x),
√
2φ(ρ(x) + n)〉 =
√
2
∫
G
φ(x)φ(ρ(x) + n) dx.
Let an = cn
√
2 = 2
∫
G
φ(x)φ(ρ(x) + n) dx, then
φ(x) =
∑
n∈Λ
anφ(ρ(x) + n).
For an MRA {Vj}j∈Z, let W0 be the orthogonal complement of V0 in V1; that is, V1 =
V0 ⊕W0. Then dilating the elements of W0 by ρj , we obtain a closed subspace Wj of
Vj+1 such that
Vj+1 = Vj ⊕Wj , for each j ∈ Z.
Wavelet ψ determined by theMRA {Vj}j∈Z is an element ofW0 such that {ψ(.− n) : n ∈ Λ}
forms an orthonormal basis forW0.
For the proofs given in this section we refer to [1, 6].
Theorem 2.1. For f ∈ L2(G), {f(x+ n)|n ∈ Λ} forms an orthonormal set iff∑n∈Λ
∣∣∣fˆ(ω + n)∣∣∣2 =
1 for a.e. ω ∈ G∗.
Proof. Let {f(x+ n)|n ∈ Λ} be an orthonormal set in L2(G). Then for any k ∈ Λ,
δk,0 = 〈f(x), f(x+ k)〉 = 〈fˆ(ω), fˆ(ω + k)〉
= 〈fˆ(ω), fˆ(ω)ω(k)〉
=
∫
G∗
∣∣∣fˆ(ω)∣∣∣2 ω(k) dω
=
∑
n∈Λ
∫
D
∣∣∣fˆ(ω + n)∣∣∣2 ω(k) dω
=
∫
D
∑
n∈Λ
∣∣∣fˆ(ω + n)∣∣∣2 ω(k) dω
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The Λ-periodic function
∑
n∈Λ
∣∣∣fˆ(ω + n)∣∣∣2 has fourier coefficient ck equal to 0, for k 6=
0 and c0 = 1, since ck =
∫
D
∑
n∈Λ
∣∣∣fˆ(ω + n)∣∣∣2 ω(k)dω = δk,0. Hence,∑n∈Λ
∣∣∣fˆ(ω + n)∣∣∣2 =
1 a.e.
Proof of the converse part is similar.
Thus if φ is a scaling function of an MRA, then
∑
n∈Λ
∣∣∣φˆ(ω + n)∣∣∣2 = 1 for a.e. ω ∈ G∗.
Following relations were given in [7, 8]. For the sake of completeness and to support
our claim in Theorem 4.2, detailed proofs are given here.
Theorem 2.2. For a scaling function φ associated with an MRA and corresponding
wavelet ψ we have following relations:
φˆ(ω) = m0(σ(ω))φˆ(σ(ω)), ψˆ(ω) = m1(σ(ω))φˆ(σ(ω)).
Proof. For the first equation,
φˆ(ω) =
∫
G
φ(x)ω(x) dx
=
∫
G
∑
n∈Λ
anφ(ρ(x) + n)ω(x) dx
=
∫
G
∑
n∈Λ
anφ(z)ω(σ(z + n)) dz/2
=
∫
G
∑
n∈Λ
an
2
φ(z)ω(σ(z))ω(σ(n)) dz
=
∑
n∈Λ
an
2
ω(σ(n))
∫
G
φ(z)ω(σ(z)) dz
= m0(σ(ω))φˆ(σ(ω)),
wherem0(σ(ω)) =
∑
n∈Λ
an
2
ω(σ(n)) is a Λ-periodic function.
Since ψ ∈ W0 ⊆ V1 therefore ψ(x) =
∑
n∈Λ bnφ(ρ(x) + n) and the proof of the
second equation follows on the same lines as that of first. Similar to m0, m1 is also
Λ-periodic.
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The functionsm0 andm1 will be called scaling and wavelet filter, respectively.
Theorem 2.3. For the scaling filterm0 and wavelet filterm1, we have
|m0(ω)|2 + |m0(ω + 0.1)|2 = 1,
|m1(ω)|2 + |m1(ω + 0.1)|2 = 1,
m0(ω)m1(ω) +m0(ω + 0.1)m1(ω + 0.1) = 0.
Proof.
1 =
∑
n∈Λ
∣∣∣φˆ(ρω + n)∣∣∣2
=
∑
n∈Λ
|m0(σ(ρω + n))|2
∣∣∣φˆ(σ(ρω + n))∣∣∣2
=
∑
n∈Λ
|m0(ω + σn)|2
∣∣∣φˆ(ω + σn)∣∣∣2
=
∑
n∈Λ1
{
|m0(ω + σn)|2
∣∣∣φˆ(ω + σn)∣∣∣2 + |m0(ω + σn + 0.1)|2
∣∣∣φˆ(ω + σn + 0.1)∣∣∣2
}
= |m0(ω)|2
∑
n∈Λ1
∣∣∣φˆ(ω + σn)∣∣∣2 + |m0(ω + 0.1)|2 ∑
n∈Λ1
∣∣∣φˆ(ω + σn+ 0.1)∣∣∣2
= |m0(ω)|2
∑
σn∈Λ
∣∣∣φˆ(ω + σn)∣∣∣2 + |m0(ω + 0.1)|2 ∑
σn∈Λ
∣∣∣φˆ(ω + σn + 0.1)∣∣∣2
= |m0(ω)|2 + |m0(ω + 0.1)|2
Similarly we can prove that |m1(ω)|2 + |m1(ω + 0.1)|2 = 1.
Since ψ ⊥ V0, therefore 〈ψ(x), φ(x+ k)〉 = 0, for each k ∈ Λ.
0 = 〈ψ(x), φ(x+ k)〉 =
〈
ψˆ(ω), φˆ(ω + k)
〉
=
∫
G∗
ψˆ(ω)φˆ(ω + k)dω
=
∫
G∗
ψˆ(ω)φˆ(ω)ω(k)dω
=
∫
D
∑
n∈Λ
ψˆ(ω + n)φˆ(ω + n)ω(k)dω
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Fourier coefficients of
∑
n∈Λ ψˆ(ω + n)φˆ(ω + n) are zero for all k ∈ Λ. Replacing ω by
ρω, we get
0 =
∑
n∈Λ
ψˆ(ρω + n)φˆ(ρω + n)
=
∑
n∈Λ
m1(σ(ρω + n))φˆ(σ(ρω + n))m0(σ(ρω + n))φˆ(σ(ρω + n))
=
∑
n∈Λ
m1(ω + σn)φˆ(ω + σn)m0(ω + σn)φˆ(ω + σn)
=
∑
n∈Λ1
[
m1(ω + σn)m0(ω + σn)
∣∣∣φˆ(ω + σn)
∣∣∣2 +m1(ω + σn + 0.1)
m0(ω + σn + 0.1)
∣∣∣φˆ(ω + σn + 0.1)∣∣∣2
]
= m1(ω)m0(ω)
∑
n∈Λ1
∣∣∣φˆ(ω + σn)∣∣∣2 +m1(ω + 0.1)m0(ω + 0.1)∑
n∈Λ1
∣∣∣φˆ(ω + σn + 0.1)∣∣∣2
= m1(ω)m0(ω) +m1(ω + 0.1)m0(ω + 0.1),
orm0(ω)m1(ω) +m0(ω + 0.1)m1(ω + 0.1) = 0 for a.e. ω ∈ G∗.
From the previous three relations it follows that the matrix
A =

 m0(ω) m1(ω)
m0(ω + 0.1) m1(ω + 0.1)


is unitary. For the matrix to be unitary it is enough to assume thatm1(ω) =W1.0(ω)m0(ω + 0.1).
So we have
ψˆ(ω) =W1.0(ω)m0(ω + 0.1)φˆ(σ(ω)),
which on taking the inverse Fourier transform becomes
ψ(x) =
∑
n∈Λ
(−1)sgn(n)anφ(ρ(x) + n + 1.0)
where sgn(n) = 0, if n is even (i.e. n ∈ Λ1), and 1, otherwise.
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3 Wavelet sets on Cantor Dyadic Group
A measurable subset Ω of G∗ will be called a wavelet set if ψ = χˇΩ is a wavelet in
L2(G).
In [2, 3] the authors considered a locally compact abelian group (LCAG) G, having a
compact open subgroup H . The difference between the wavelet theory developed on
R
n and the one given on LCAG in [2, 3] is that in the former elements of a non-trivial
discrete subgroup are used for translations, while a LCAG may not possess such type of
subgroup. To overcome this difficulty in [2, 3] an operator τ[s] was constructed for each
element [s] of the discrete quotient group G/H . These operators were determined by a
choice D of coset representatives in the dual group G∗ of G, for G∗/H⊥, where H⊥ is
the annihilator of H .
In [2, 3] elements of a countable non-empty subsetA of Aut(G)were used for dilations,
where Aut(G) is the group of homeomorphic automorphisms of G under composition.
Then multiwavelet sets were characterized by using translation and dilation congruences
as in the case of Euclidean spaces.
Similar idea can be applied to characterize wavelet sets in Cantor dyadic groupG. How-
ever in this case the elements of Λ in G and G∗ will be used for translation and instead
of using an arbitrary countable set of automorphisms on G, integral powers of the auto-
morphisms ρ and σ are used for dilations in G and G∗.
Let E and F be two measurable subsets of G. Then E is said to be Λ-translation
congruent to F , if there exists a partition {En : n ∈ N ⊆ Z+}, such that {En + n :
n ∈ Λ′}, where Λ′ ⊆ Λ, is a partition of F . The bijective map λ : Λ → Z+ defined by
λ(ω) =
∑
j≥0 ωj2
j identifies elements of Λ and Z+ and we will use same notation for
the corresponding elements of Z+ and Λ.
Theorem 3.1. Let G be the cantor dyadic group and Ω be a measurable subset of G∗.
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Then Ω is a wavelet set if and only if both of the following conditions hold:
(a) {σk(Ω) : k ∈ Z} tiles G∗ upto sets of measure zero,
(b) Ω is Λ-translation congruent to D upto sets of measure zero.
Proof. Let Ω be a measurable subset of G∗ satisfying (a) and (b). Let ψˆ = χΩ. Since
Ω is Λ-translation congruent to D upto sets of measure zero, there exist non-negative
integers n ∈ I ⊆ Z+ and a partition {Ωn : n ∈ I} of Ω such that ∪n∈Λ(Ωn + n) = D.
µ∗(Ω) =
∑
n∈I
µ∗(Ωn) =
∑
n∈I
µ∗(Ωn + n− n) =
∑
n∈I
µ∗(Ωn + n) = µ
∗(D) = 1.
Thus χΩ ∈ L2(G∗), and ‖ψ‖ = 1.
Now we have to show that {ψj,n}j∈Z,n∈Λ is an orthonormal set.
ψˆj,n(ω) =
∫
G
ψj,n(x)ω(x)dx
=
∫
G
2j/2ψ(ρjx− n)ω(x)dx
= 2−j/2ω(σj(n))ψˆ(σjω)).
‖ψj,n‖2 =
∫
G∗
|ψˆj,n(ω)|2dω
=
∫
G∗
|2−j/2ω(σj(n))ψˆ(σj(ω))|2dω
= 2−j
∫
G∗
|(σj(ω)(n)|2|ψˆ(σjω))|2dω
=
∫
G∗
χΩ(ω) dω = µ
∗(Ω) = 1.
Thus, for each j ∈ Z and n ∈ Λ, ‖ψj,n‖ = 1. Further, for j, k ∈ Z and r,m ∈ Λ,
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〈ψj,r, ψk,m〉 = 〈ψˆj,r, ψˆk,m〉
=
∫
G∗
ψˆj,r(ω)ψˆk,m(ω) dω
=
∫
G∗
2−j/2ω(σj(r))ψˆ(σj(ω))2−k/2ω(σk(m))ψˆ(σk(ω)) dω
=
∫
ρjΩ∩ρkΩ
2−(j+k)/2ω(σj(r))ω(σk(m)) dω
(i) If j 6= k, then the last expression is 0, since from (a) measure of (ρjΩ ∩ ρkΩ) is
zero.
(ii) If j = k, then the last expression takes the form∫
ρjΩ
2−jω(σj(r))ω(σj(m))dω =
∫
Ω
2−jω′(r)ω′(m)2jdω′ =
∫
Ω
ω′(r)ω′(m)dω′.
As before, from (b) it follows that
⋃
n∈I
(Ωn + n) =
⋃
n∈I
Ω∗n = D (for some I ⊆ Z+).
〈ψj,r, ψk,m〉 =
∑
n∈I
∫
Ωn
ω′(r)ω′(m)dω′
=
∑
n∈I
∫
Ω∗n
ω(r)ω(m)dω
=
∫
D
ω(r)ω(m)dω
=


1, if r = m
0, if r 6= m.
Therefore, {ψj,n : j ∈ Z, n ∈ Λ} is an orthonormal set.
Finally, we need to show that the system {ψj,n}j∈Z,n∈Λ is complete in L2(G), that is, for
each f ∈ L2(G), ∑
j∈Z,n∈Λ
|〈f, ψj,n〉|2 = ‖f‖2.
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This will complete the proof that {ψj,n : j ∈ Z, n ∈ Λ} is an orthonormal basis for
L2(G).
∑
j∈Z,n∈Λ
|〈f, ψj,n〉|2 =
∑
j∈Z,n∈Λ
|〈fˆ , ψˆj,n〉|2
=
∑
j∈Z,n∈Λ
|
∫
G∗
fˆ(ω)2−j/2ω(σj(n))ψˆ(σj(ω)) dω|2
=
∑
j∈Z,n∈Λ
|
∫
G∗
fˆ(ρjω)2j/2ω(n)ψˆ(ω) dω|2
=
∑
j∈Z,n∈Λ
|
∫
Ω
fˆ(ρjω)2j/2ω(n)dω|2
Since Ω is Λ-congruent to D upto sets of measure zero, therefore
∑
j∈Z,n∈Λ
|〈f, ψj,n〉|2 =
∑
j∈Z,n∈Λ
|
∑
i∈I
∫
Ωi
fˆ(ρjω)2j/2ω(n)dω|2
=
∑
j∈Z,n∈Λ
|
∑
i∈I
∫
D
χΩ∗i (ω)fˆ(ρ
j(ω + i))2j/2ω(n)dω|2
=
∑
j∈Z,n∈Λ
2j|
∫
D
(
∑
i∈I
χΩ∗i (ω)fˆ(ρ
j(ω + i))ω(n)dω|2
=
∑
j∈Z
2j
∑
n∈Λ
|
∫
D
(
∑
i∈I
χΩ∗i (ω)fˆ(ρ
j(ω + i))ω(n)dω|2.
Note that supp(
∑
i∈I χΩ∗i (ω)fˆ(ρ
j(ω + i))) ⊆ D. For if ω /∈ D, then ω /∈ Ω∗i for any
i ∈ I and hence χΩ∗i (ω) = 0, for every i. i.e
∑
i∈I χΩ∗i (ω)fˆ(ρ
j(ω + i)) = 0. From the
Plancherel’s theorem for Fourier series we obtain,
∑
n∈Λ
|
∫
D
(
∑
i∈I
χΩ∗i (ω)fˆ(ρ
j(ω + i))ω(n)dω|2 =
∫
D
|
∑
i∈I
χΩ∗i (ω)fˆ(ρ
j(ω + i))|2 dω.
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Therefore,
∑
j∈Z,n∈Λ
|〈f, ψj,n〉|2 =
∑
j∈Z
2j
∫
D
|
∑
i∈I
χΩ∗i (ω)fˆ(ρ
j(ω + i))|2dω
=
∑
j∈Z
2j
∫
D
∑
i∈I
|fˆ(ρj(ω + i))|2χΩ∗i (ω)dω
(since Ω∗i are pairwise disjoint so that for any given ω at most one term in the sum over
i is non-zero.)
∑
j∈Z,n∈Λ
|〈f, ψj,n〉|2 =
∑
j∈Z
2j
∑
i∈I
∫
Ωi
|fˆ(ρj(ω))|2 dω
=
∑
j∈Z
∫
σj (Ω)
|fˆ(ω)|2 dω
=
∫
G∗
|fˆ(ω)|2 dω
= ‖fˆ‖2 = ‖f‖2.
For the converse, let Ω be a wavelet set, that is, χˇΩ = ψ, where ψ is a wavelet. Then
1 = ‖ψ‖ = ‖χΩ‖ = µ∗(Ω).
The dual of cantor dyadic group G∗ is σ-compact, since Λ is countable and G∗ =⋃
n∈Λ(D + n) is a countable union of compact sets.
To prove that {σkΩ}k∈Z tiles G∗ upto sets of measure zero, let j, k ∈ Z such that j 6= k.
Then by the orthonormality 〈ψj,0, ψk,0〉 = 0. Equivalently,
µ∗(ρjΩ
⋂
ρkΩ) = 〈χρjΩ, χρkΩ〉
= 〈ψˆ(σjω), ψˆ(σkω)〉
= 〈2j/2ψˆj,0, 2k/2ψˆk,0〉
= 2(j+k)/2〈ψˆj,0, ψˆk,0〉
= 0
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If α ∈ X = (G∗\[⋃k∈Z σkΩ]) and Xα = X⋂(α + D), then χXα ∈ L2(G∗). Since
{ψj,n}j∈Z,n∈Λ is an orthonormal basis for L2(G), therefore
µ∗(Xα) = ‖χXα‖2 =
∑
j∈Z,n∈Λ
|〈χXα, ψˆj,n〉|2
=
∑
j∈Z,n∈Λ
|
∫
G∗
χXα(ω)ψˆj,n(ω)dω|2
=
∑
j∈Z,n∈Λ
|
∫
G∗
χXα(ω)2
−j/2(σj(ω))(n)ψˆ(σj(ω))dω|2
=
∑
j∈Z,n∈Λ
2−j|
∫
G∗
χXα(ω)(σ
j(ω))(n)χρjΩ(ω)dω|2
=
∑
j∈Z,n∈Λ
2−j|
∫
Xα
⋂
ρjΩ
(σj(ω))(n)dω|2
= 0 (since Xα
⋂
ρjΩ = φ).
Here (α + D) is an open set of G∗ being translation of the open set D. Clearly
X ⊆ ⋃α∈X(α + D) and each X⋂(α + D) has measure 0. Therefore, µ∗(X) =
µ∗(
⋃
α∈X X
⋂
(α + D)) = 0 as the group G∗ is σ-compact. σ-compactness of G∗ im-
plies that X is covered by a countable number of sets of the form (α +D) and as each
intersection of such sets withX is of measure zero, so must be the measure of X .
Now, we have to prove that Ω is translation congruent to D. Let {n|n ∈ A ⊆ Z} be
the set of all non-negative integers such that for corresponding n ∈ Λ, Ω⋂(D + n) has
positive measure. For each n ∈ A, let Ωn = Ω
⋂
(D + n). Clearly {Ωn|n ∈ A} is a
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partition of Ω. Let Ω′n = Ωn + n. We claim that Ω
′
n is a partition of D.
〈ψj,0, ψj,m〉 = 〈ψˆj,0, ψˆj,m〉
=
∫
G∗
ψˆj,0(ω)ψˆj,m(ω)dω
=
∫
G∗
2−j/2ψˆ(σjω)(σjω)(0)2−j/2ψˆ(σjω)(σjω)(m)dω
=
∫
G∗
2−j|ψˆ(σjω)|2(σjω)(0 +m)dω
=
∫
Ω
(ω′(m))dω′
=
∑
n∈A
∫
Ωn
(ω(m))dω
=
∑
n∈A
∫
Ωn+n
(ω(m))dω
and 〈ψj,0, ψj,m〉=


1, ifm = 0
0, ifm 6= 0
Let F =
∑
n∈A χΩn+n and FM =
∑
n∈AM
χΩn+n, where the finite sets AM are such
that AM → A asM →∞. Now,
∫
D
FM(ω)dω =
∑
n∈AM
∫
D
χΩn+n(ω)dω
=
∑
n∈AM
µ∗(Ωn)
Further, 0 ≤ FM ≤ F and limM→∞ FM = F a.e. Therefore,
∫
D
F (ω)dω = lim
M→∞
∫
D
FM(ω)dω = lim
M→∞
∑
n∈AM
µ∗(Ωn) = 1.
This shows that F ∈ L1(D). By using the Lebesgue dominated convergence theorem to
the sequence {FM(.), (.)(n)} which converges to F (.), (.)(n) a.e. and which is bounded
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by F ∈ L1(D), we get
〈ψj,0, ψj,m〉 = lim
M→∞
∑
n∈AM
∫
Ωn+n
ω(m) dω
= lim
M→∞
∑
n∈AM
∫
D
χΩn+n(ω)ω(m) dω
= lim
M→∞
∫
D
FM(ω)ω(m) dω
=
∫
D
F (ω)ω(m) dω.
By the uniqueness theorem for Fourier series and comparing the two values of 〈ψj,0, ψj,m〉
it can be concluded that F = 1 on D. Since F =
∑
n∈A χΩn+n, it follows that
{Ωn + n}n∈A is a partition of D.
Note: Following the terminology coined by Dai and Larson [4] a wavelet associated
with a wavelet set will be called an s-elementary wavelet.
Examples of wavelet sets on Cantor dyadic group:
Example 1:
Let Ω = {(...00.111...)}⋃{(0...00ω′0.ω′−1ω′−2...ω′−(j+1)0ω−(j+3)ω−(j+4)...}; j ≥ −1
where ω′i = 1; ωn ∈ {0, 1}. Then Ω will be a wavelet set if it satisfies the following
conditions:
(i) {σn(Ω) : n ∈ Z} tiles G∗ upto sets of measure zero,
(ii) Ω is Λ− translation congruent to D upto sets of measure zero.
To see thatΩ is a wavelet set, letΩ = P∪Q, whereP = {(...0.111...)} = {(ωj)j∈Z : ωj = 0 for every j ≥ 0, and ωj = 1 for every j ≤ −1},
Q =
⋃
j≥−1Qj and Qj = {(0...00ω′0.ω′−1ω′−2...ω′−(j+1)0ω−(j+3)ω−(j+4)...)}.
Clearly, for any n,m ∈ Z with n 6= m, σn(Ω)⋂σm(Ω) = φ. Also it follows directly
that every element of G∗ belongs to σn(Ω), for some n ∈ Z. Hence {σn(Ω)}n∈Z tiles
G∗.
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Note that P ⊆ D and addition of (. . . 001.000 . . .) to the elements of Q generate all the
elements of D. This shows that Ω is Λ− translation congruent to D and hence it forms
a wavelet set.
Example 2: Let Ω = {(...01ω0.ω−1ω−2...) : ωi ∈ {0, 1}}. Then Ω is a wavelet set as
σk(Ω) ∩ σl(Ω) = φ, for k, l ∈ Z such that k 6= l, and {σk(Ω)}k∈Z tiles G∗. Further, for
each (...01ω0.ω−1ω−2...) ∈ Ω there exists (...01ω0.000...) ∈ Λ such that
(...01ω0.ω−1ω−2...) + (...01ω0.000...) = (...000.ω−1ω−2...) ∈ D,
and these translates of elements of Ω tileD.
4 s-elementary wavelets on Cantor dyadic group associ-
ated with MRA
It is known that every MRA for L2(G) gives rise to a wavelet. Fang and Wang [5]
characterized wavelet sets associated with an MRA in L2(R) and similar characteri-
zation holds in the cantor dyadic group. Let ψ ∈ L2(G) be a wavelet. Let Wj =
span {ψj,n : n ∈ Λ}, for each j ∈ Z, and Vj =
⊕
l<jWl, ∀j ∈ Z. Then,
Wj ⊥Wk, for j 6= k, and L2(G) =
⊕
j∈Z
Wj .
To prove that ψ is associated with an MRA we need to show that {Vj : j ∈ Z} forms
an MRA for L2(G) and ψ is obtained from an associated scaling function φ and two
Λ-periodic functionsm0,m1 such that
φˆ(ω) = m0(σ(ω))φˆ(σ(ω))
ψˆ(ω) = m1(σ(ω))φˆ(σ(ω)), a.e. ω ∈ G∗.
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If the wavelet ψ arises from an MRA then following relation exists between ψ and the
associated scaling function φ,
∣∣∣φˆ(ω)∣∣∣2 =
∞∑
j=1
∣∣∣ψˆ(ρj(ω))∣∣∣2 a.e ω ∈ G∗.
For the proof of this relation note that
∣∣∣φˆ(ρω)∣∣∣2 + ∣∣∣ψˆ(ρω)∣∣∣2 = ∣∣∣m0(ω)φˆ(ω)
∣∣∣2 + ∣∣∣W1.0(ω)m0(ω + 0.1)φˆ(ω)
∣∣∣2
=
∣∣∣φˆ(ω)∣∣∣2 [|m0(ω)|2 + |m0(ω + 0.1)|2] (since |W1.0(ω)| = 1)
=
∣∣∣φˆ(ω)∣∣∣2 .
Iterating this result, we get
∣∣∣φˆ(ω)∣∣∣2 = ∣∣∣φˆ(ρNω)∣∣∣2 +
N∑
j=1
∣∣∣ψˆ(ρj(ω))∣∣∣2 , ∀N ≥ 1.
Since,
∣∣∣φˆ(ω)∣∣∣ ≤ 1, the sequence {∑Nj=1
∣∣∣ψˆ(ρj(ω))∣∣∣2 : N = 1, 2, 3, ...} is an increasing
sequence bounded by 1 and hence its limit exists. Thus the sequence
∣∣∣φˆ(ρN (ω))∣∣∣2 is
also convergent.∫
G∗
lim
N→∞
∣∣∣φˆ(ρN (ω))∣∣∣2 dω ≤ lim
N→∞
∫
G∗
∣∣∣φˆ(ρN(ω))∣∣∣2 dω
= lim
N→∞
1
2N
∫
G∗
∣∣∣φˆ(u)∣∣∣2 du
= 0,
since φˆ ∈ L2(G∗). Hence we have,
∣∣∣φˆ(ω)∣∣∣2 =
∞∑
j=1
∣∣∣ψˆ(ρj(ω))∣∣∣2 for a.e. ω ∈ G∗.
The elements of V−1 and V0 can be easily characterized by using scaling filter m0 as
follows:
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Theorem 4.1. If φ is a scaling function for an MRA {Vj}j∈Z and m0 is the associated
scaling filter, then
V−1 = {f : fˆ(ω) = m(ρω)m0(ω)φˆ(ω), for some Λ-periodicm ∈ L2(D)},
V0 = {f : fˆ(ω) = l(ω)φˆ(ω), for some Λ-periodic l ∈ L2(D)}.
Theorem 4.2. Let ψ ∈ L2(G) be an s-elementary wavelet determined by a wavelet set
Ω, i.e. ψˆ = χΩ, for Ω ⊆ G∗ and µ∗(Ω) = 1. Then ψ is associated with an MRA iff
µ∗(Ωs
⋂
(Ωs + n)) = δn,0, where n ∈ Λ, and Ωs =
⋃∞
j=1(σ
j(Ω)).
Proof. Let ψˆ = χΩ. From the characterization of wavelet set Ω we know that the sets
in the union of Ωs are a.e mutually disjoint and hence µ∗(Ωs) = 1. If ψ arises from an
MRA then there exists a scaling function φ such that
∣∣∣φˆ(ω)∣∣∣2 =
∞∑
j=1
∣∣∣ψˆ(ρj(ω))∣∣∣2 for a.e. ω ∈ G∗,
which implies that |φˆ| = χΩs . Since the orthonormality of {φ(.− n) : n ∈ Λ} is equiv-
alent to, ∑
n∈Λ
∣∣∣φˆ(ω + n)∣∣∣2 = 1, for a.e. ω ∈ G∗ (1)
we obtain,
µ∗(Ωs
⋂
(Ωs + n)) = δn,0, n ∈ Λ. (2)
For the converse part suppose that Ωs satisfies the given condition. Let φˆ(ω) = χΩs .
Then (1) holds for φ and {φ(.− n) : n ∈ Λ} forms an orthonormal system.
As {Ωs + n : n ∈ Λ} partitionsG∗ it is sufficient to define the functionm0 on Ωs. Then
it can be extended Λ-periodically to whole of G∗. Let
m0(ω) =


0, if ω ∈ σ(Ω)
1, if ω ∈ σj(Ω), j > 2.
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Similarly, we first define m1 on Ω
s by
m1(ω) =


1, if ω ∈ σ(Ω)
0, if ω ∈ σj(Ω), j > 2.
and then uniquely extendm1 to a Λ-periodic function on G
∗.
Now we will show that
φˆ(ρ(ω)) = m0(ω)φˆ(ω) (3)
ψˆ(ρ(ω)) = m1(ω)φˆ(ω) (4)
If ω ∈ σ(Ω), thenm1(ω) = 1 and ψˆ(ρω) = χΩ(ρω) = χσ(Ω)(ω) = 1 andm1(ω)φˆ(ω) =
1.
If ω /∈ σ(Ω), then there is a unique integer j 6= 1 such that ω ∈ σj(Ω). Sincem1(ω) = 0,
when j ≥ 2 and φˆ(ω) = χΩs(ω) = 0 when ω /∈ Ωs = ∪∞j=1σj(Ω), that is, φˆ(ω) = 0, if
j ≤ 0, both cases give us m1(ω)φˆ(ω) = 0 and also for ω /∈ σ(Ω), we have ψˆ(ρω) = 0.
This proves (4).
To prove that φˆ(ρ(ω)) = m0(ω)φˆ(ω), we will show that
φˆ(ω) =
∞∏
j=1
m0(σ
j(ω)), a.e ω ∈ G∗, (5)
since (3) follows from this relation. For a.e. ω ∈ G∗ there is a unique j ∈ Z such that
ω ∈ ρj(Ω). If j ≥ 0 then σj(ω) ∈ Ω, or σj+1(ω) ∈ σ(Ω) and m0(σj+1(ω)) = 0. Then
in the relation (5), as j + 1 ≥ 1, R.H.S. is zero and φˆ(ω) = 0, as ω ∈ ρj(Ω) with j ≥ 0.
Thus in this case (3) holds.
If ω ∈ ρj(Ω) for j ≤ −1, then for each l ≥ 1, σl(ω) ∈ σl−j(Ω) and hencem0(σl(ω)) =
1. Thus
∞∏
l=1
m0(σ
l(ω)) = 1 = φˆ(ω),
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since ω ∈ ρj(Ω) and j ≤ −1, or ω ∈ σj(Ω), j ≥ 1. This completes the proof of (3).
Since the supports ofm0 andm1 are disjoint, we have
m0(ω)m1(ω) +m0(ω + 0.1)m1(ω + 0.1) = 0, for a.e. ω ∈ G∗. (6)
By using the relations
∑
n∈Λ
∣∣∣φˆ(ω + n)∣∣∣2 = 1, and φˆ(ρ(ω)) = m0(ω)φˆ(ω)
we get
|m0(ω)|2 + |m0(ω + 0.1)|2 = 1. (7)
Similarly {ψ(.− n) : n ∈ Λ} is also an orthonormal system and hence
|m1(ω)|2 + |m1(ω + 0.1)|2 = 1. (8)
Thus combining (6) and (7), we get
m1(ω) = m1(ω)[m0(ω + 0.1)m0(ω + 0.1) +m0(ω)m0(ω)]
= m1(ω)m0(ω + 0.1)m0(ω + 0.1) +m0(ω)m0(ω)m1(ω)
= m1(ω)m0(ω + 0.1)m0(ω + 0.1)−m0(ω)m1(ω + 0.1)m0(ω + 0.1)
= m0(ω + 0.1)[m1(ω)m0(ω + 0.1)−m0(ω)m1(ω + 0.1)]
= λ(ω)m0(ω + 0.1),
where λ(ω) = m1(ω)m0(ω + 0.1)−m0(ω)m1(ω + 0.1).
Clearly, λ(ω) is Λ-periodic, asm0 andm1 both are Λ-periodic. Further
λ(ω + 0.1) = m1(ω + 0.1)m0(ω)−m0(ω + 0.1)m1(ω)
= −(m0(ω + 0.1)m1(ω)−m1(ω + 0.1)m0(ω))
= −λ(ω)
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implies that λ(ω) + λ(ω + 0.1) = 0.We can take λ(ω) = W1.0(ω), whereW1.0(ω) is a
Λ-periodic function.Thenm1(ω) =W1.0(ω)m0(ω + 0.1).
Finally, to show that φ is a scaling function for V0, we need V0 = V
#
0 , where V
#
0 =
span {φ(.− n) : n ∈ Λ} and V0 = ⊕l<0Wl.
We know that ψˆ(ρ(ω)) = m1(ω)φˆ(ω) and for each j > 2,
ψˆ(ρj(ω)) = m1(ρ
j−1(ω))φˆ(ρj−1(ω))
= m1(ρ
j−1(ω))m0(ρ
j−2(ω))φˆ(ρj−2(ω))
= m1(ρ
j−1(ω))
j−2∏
l=0
m0(ρ
l(ω))φˆ(ω)
= µj(ω)φˆ(ω),
where µj(ω) = m1(ρ
j−1(ω))
∏j−2
l=0 m0(ρ
l(ω)).
Here µj is Λ-periodic, bounded function and hence ψ−j,0 ∈ V #0 (from Theorem 4.1).
Since V #0 is invariant under translation, ψ−j,n ∈ V #0 for each n ∈ Λ. ThusW−j ⊂ V #0
for every j > 1, which implies that V0 ⊆ V #0 .
Further,
∑
n∈Λ
φˆ(ω + n)ψˆ(ω + n) =
∑
n∈Λ
m0(σ(ω + n))m1(σ(ω + n))
∣∣∣φˆ(σ(ω + n))∣∣∣2
=
∑
n∈Λ1
m0(σ(ω + n))m1(σ(ω + n))
∣∣∣φˆ(σ(ω + n))∣∣∣2
+
∑
n∈Λ1
m0(σ(ω + n+ 1.0))m1(σ(ω + n+ 1.0))
∣∣∣φˆ(σ(ω + n+ 1.0))∣∣∣2
= m0(σ(ω))m1(σ(ω)) +m0(σ(ω) + 0.1)m1(σ(ω) + 0.1)
= 0,
implies that
∑
n∈Λ
φˆ(ρj(ω+n))ψˆ(ω + n) =
j−1∏
l=0
m0(ρ
lω)
∑
n∈Λ
φˆ(ω+n)ψˆ(ω + n) = 0, for each j ≥ 0.
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Thus, for j ≥ 0 and k ∈ Λ,
〈φ, ψj,k〉 =
〈
φˆ, ψˆj,k
〉
=
∫
G∗
φˆ(ω)ψˆj,k(ω) dω
=
∫
G∗
φˆ(ω)
∫
G
2j/2ψ(ρj(x)− k)ω(x) dx dω
=
∫
G∗
φˆ(ω)
∫
G
2j/2ψ(z)ω(σj(z + k))2−j dz dω
=
∫
G∗
φˆ(ω)2j/2ψˆ(σj(ω))ω(σj(k))2−j dω
= 2−j/2
∫
G∗
φˆ(ρjω)ψˆ(ω)ω(k) dω
gives
〈φ, ψj,k〉 = 2−j/2
∫
D
(
∑
n∈Λ
φˆ(ρj(ω + n))ψˆ(ω + n)(ω + n)(k))dω = 0.
Hence φ ⊥ Wj , for j ≥ 0. But eachWj , j ≥ 0 is invariant under Λ-translations, which
gives V #0 ⊆ V0. This proves that V #0 = V0 and hence φ is a scaling function for V0.
Clearly, ψ is obtained from the scaling function φ and the filters m0 and m1, that is, ψ
is associated with an MRA.
Example of wavelet set associated with MRA:
Let Ω = {(...00.111...)}⋃{(0...00ω′0.ω′−1ω′−2...ω′−(j+1)0ω−(j+3)ω−(j+4...)}; j ≥ −1
where ω′i = 1;ωn ∈ {0, 1}. Then we have already seen that Ω is a wavelet set. As
above let Ω = P ∪Q, where Q = ⋃j≥−1Qj . Now Ωs = ∪∞m=1σm(Ω) = ∪∞m=1σm(P ∪⋃
i≥−1Qi).
P = {(ωj)j∈Z : ωj = 0 for every j ≥ 0, and ωj = 1 for every j ≤ −1} .
Form ≥ 1,
σm(P ) = {(ωj)j∈Z : ωj = 0, for each j ≥ −m and ωj = 1, for each j < −m}
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∪∞m=1σm(P ) = {(ωj)j∈Z : for some r ∈ Z+, ωj = 0, when j ≥ −r and ωj = 1, when j < −r}
Qi = {(ωj)j∈Z : ωj = 0 for each j ≥ 1; ωj = 1 for each 1 > j ≥ (−i−1) and ω−(i+2)=0}
∪∞m=1σm(Qi) = {(ωj)j∈Z : for some r ∈ Z+, ωj = 0, when j ≥ (−r + 1);
ωj = 1, when (−r + 1) > j ≥ (−i− r − 1) and ω−i−r−2 = 0}.
It is easy to see that for any non-zero n ∈ Λ, Ωs ∩ (Ωs+n) = φ. Therefore this wavelet
set is associated with an MRA.
Example of wavelet set not associated with MRA:
Let Ω = {(...01ω0.ω−1ω−2...) : ωi ∈ {0, 1}}. Then Ω is a wavelet set. Further,
Ωs =
∞⋃
m=1
σm(Ω) = {(ωj)j∈Z : for some r ∈ Z+, ωj = 0, when j > −r+1 and ω−r+1 = 1}.
For any n = (. . . 001.00 . . .) ∈ Λ, Ωs ∩ (Ωs + n) ⊇ σ2(Ω), thus µ∗(Ωs ∩ (Ωs + n)) 6= 0
and hence the wavelet set is not associated with an MRA.
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